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Abstract 
A solutaon to  the trajectory trackang problem for 
mobale manapulators as proposed that allows for the 
base to be anfluenced by a reactwe, obstacle avoadance 
behavaor. Gwen a trajectory for the grapper to follow, 
a trackang algorathm for the manapulator as desagned, 
and at the same tame the base motaons are generated an 
such a way that the base as coordznated wath the grap- 
per. Furthermore, at as shown that the method allows 
arbatrary upper and lower bounds on the grapper-base 
dzstance to  be set and thas can be achaeved wathout an- 
troducang deadlocks anto the system. The solutaon also 
ensures that the control effort, spent on slow base mo- 
taons, as kept small. 
1 Introduction 
In this paper, we investigate how to conduct mobile 
manipulation in such a way that the base motions are 
influenced by an appropriate, reactive obstacle avoid- 
ance behavior [2], together with an arm coordination 
behavior. At the same time, we want the gripper to 
track a reference trajectory, evolving in Et3, in such a 
way that we can impose hard bounds on the gripper- 
base distance, which corresponds to keeping the grip- 
per in the dextrous workspace [6], relative to the base. 
This type of problem is relevant for a number of 
reasons. For instance, if one wants to be able to ori- 
ent the gripper arbitrarily, for example when conduct- 
ing fine object manipulation, then one needs to keep 
the gripper within this dextrous workspace. Further- 
more, when lifting heavy loads, one typically do not 
want to extend the arm too much, because that could 
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potentially make the platform fall over, or risk compo- 
nent failure due to the large required control torques. 
Another possible application could be mobile spray 
painting, where one wants to keep the gripper away 
from the base, in order to avoid clogging the sensors 
with paint. 
Thus the problem that we will focus on is how to 
make sure that the end-effector is placed in the ap- 
propriate region, while tracking a desired trajectory 
in a proven stable way. This should be done at the 
same time as the platform is moving around in an un- 
known environment, which calls for a safety strategy 
that basically adds an obstacle avoidance behavior to 
the base control 113. 
This paper is organized as follows: In Section 2, 
we design the control algorithm for the base in such 
a way that it is coordinated with the gripper while 
avoiding obstacles. We then, in Section 3, propose 
a dynamic, high-level gripper control, that is based 
on a reparameterization of the desired path, using a 
so called virtual vehicle approach [3], which results 
in stable trajectory tracking. We furthermore prove 
some properties about our controllers, such as stability 
and deadlock-avoidance in Section 4. The paper is 
concluded with some simulation results in Section 5. 
2 Base Control 
Our proposed base control is going to be composed 
of two reactive behaviors [l]: arm coordination and 
obstacle avoidance. 
Before we look into them in detail, we introduce the 
following notation where all vectors are in an inertially 
fixed coordinate system (Figure 1) .  rb: vector to base. 
rg: vector to gripper. rdg:  vector to desired gripper 
position. ro: vector to obstacle. rgb: vector to gripper 
from base. r o b :  vector to obstacle from base. rg 
vector to desired gripper position from gripper. rdgb: 
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Figure 1: Notation 
vector to desired gripper position from base. 
2.1 The Arm Coordination Behavior 
Our aim is to make the base maintain an appropri- 
ate distance to the gripper, not too far and not too 
close. We also introduce a dead zone that permits the 
faster arm to move back and forth without moving the 
base, as long as the arm is adequately extended. 
Introduce the following parameters (all referring to 
the base-gripper distance): 
Rmin - (minimal base-gripper distance) 
R L A  - (Lower Acceptable base-gripper distance) 
R L G  - (Lower Good base-gripper distance) 
R U G  - (Upper Good base-gripper distance) 
R U A  - (Upper Acceptable base-gripper distance) 
R,,, - (maximal base-gripper distance) 
The parameters are used in the following way. Out- 
side of (Rmin, R,,,) the gripper stops and waits for 
the base (see gripper control). Inside of (RLG, RUG) 
the base doesn’t move at  all and outside of ( RLA, RUA) 
it moves at  full speed (in the absence of obstacles, see 
below and (Figure 2,3) ). 
Let rdgb be a normalized projection of rdgb on the 
xy-plane. 
We then propose our arm coordination behavior as 
as illustrated in Figure 2. 
Figure 2: The control gain of the arm coordination be- 
havior as a function of the distance between the base and 
the desired gripper position. 
2.2 The Obstacle Avoidance Behavior 
In this paper we assume that the obstacles are fairly 
low so they would only block the way for the base, but 
not that of the gripper which is mounted on the top 
of the base. This is reasonable since most available 
hardware including our Nomad XR4000 has obstacle 
sensors (sonars) only on the base. 
In order to make the base move smoothly between 
the obstacles we want the obstacle avoidance behavior 
to be given by a repulsive vector field, generated from 
the sensor data. 
A natural way of choosing the vector fields for small 
obstacles is to give them spherical symmetry. With 
this constructions we can also prove the absence of 
deadlocks (see Theorem 4.3). We let the norm of the 
vectors be zero outside of Ru, then increase linearly to 
V,,, at RL and be constant V,,, inside of RL. The 
direction of the vectors are radial outwards from the 
obstacle. 
(3) 
This is of cause not reasonable for large objects such 
as walls, for them we suggest a vector field pointing 
outwards from the closest point on the obstacle with 
norm decreasing in distance as above, i.e. constant 
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Vmaz while inside of some RL then decreasing to zero 
at some other Ru. 
In order to avoid local minima we want every pos- 
sible robot position to be influenced by at most one 
obstacle. 
2.3 The Arbitration 
We now apply an arbitration mechanism similar to 
the one suggested by Arkin [2]. 
This alone gives some unstable stationary points. 
In order to avoid these we augment the following to 
our control scheme. If V b a  = - v b o  # 0, l l v b a l l  = Vma, 
then we let: 
v b  = 6 : 6 V b a ,  I Icl I  < Vnam (5) 
Since we have the same upper limit on both the 
behavior gains we have the following. 
Theorem 2.1 If llrobll 5 RL then d / d t ( l l r o b l l )  2 0. 
Proof. llrobll 5 RL which implies I l V b o I I  = Vmaz and 
thus d / d t ( l l r o b l l )  = - V r r o b / l / r o b l l  = ( - C O S ( C t ' ) I I V b a l l +  
vmas) /2  2 0 since l l v b a l l  5 v m a x .  
Thus within RL of an obstacle the base will not 
move closer to it independently of the arm coordina- 
tion behavior. In theorem 4.3 we show that we are 
still safe from deadlocks under certain assumptions. 
3 The Gripper Control 
Throughout the paper we make use of the fact that 
the arm kinematics can be decoupled from the system 
[5]. Let r d g  be the reference point on the trajectory 
that we are tracking. As in [3] we now let the motion 
of the point, along the trajectory, be governed by a 
differential equation that contains the tracking error. 
We furthermore augment this equation with a factor 
C ( r d g b )  that depends on the base position. This makes 
the combined controllers robust and it also allows us to 
be able to guarantee some properties that we want our 
system to exhibit, as will be seen in the next section. 
The coordination factor (see Figure 3) is given by: 
I I 
Figure 3: The coordination factor C(rdgb) 
Thus we stop the desired gripper position r d g  if 
l l r d g b l l  (Rmin, Rmaz). It remains still until the base 
has catched up i.e. l l r d g b l l  E (Rmin, Rmaz). To make 
the gripper track r d g  a simple proportional controller 
is proposed. 
V g  = 7 r g . e r r  (12) 
Where y can be any positive constant. 
4 Performance Analysis 
We will show the following: 
0 The base will avoid obstacles and get within 
(Theorem (Rmin, Rmaz) of r d g b  in finite time. 
4.1 and 4.2) 
0 The system will not stop in a deadlock. (Theorem 
4.3). 
0 The upper and lower bounds on the gripper-base 
distance can be arbitrarily set. (Theorem 4.4). 
0 The non-transient gripper error can be made ar- 
bitrarily small (Theorem 4.5). 
These properties together show that the suggested 
control scheme should perform well. 
The first property assures that the base moves ef- 
ficiently around the obstacles. The second property 
shows that we are always making progress and stops 
in the desired gripper position are only momentary. 
The third property assures that the workspace of the 
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arm is bounded. Thus we can ensure that the grip- 
per control does not try to move the gripper outside 
of its hardware limits. Or, if we want the gripper in 
the dextrous workspace at all times, this can also be 
achieved by setting the appropriate bounds. We note 
that not over extending the arm is also important if 
we are carrying a heavy load, extending the arm too 
far can cause tipping or other failures due to the large 
torques. Finally the fourth property verifies that the 
trajectory tracking works. 
4.1 The Base-Gripper Dynamics 
Since there are many trajectories that are impos- 
sible to follow we need the following definition of a 
feasible trajectory-obstacle combination. 
Definition 4.1 A feasible trajectory has the following 
properties: 
e There exists a base trajectory in the xy-plane such 
that every point on the gripper trajectory is less 
that R,,, away from a point on the base trajec- 
tory and every point on the base trajectory has 
I ( v o b l (  < Vmm- 
e There is no point within R,,, from the trajectory 
under influence of more than one obstacle. 
e Every obstacle except walls has a spherical obsta- 
cle avoidance field. 
We are now ready to state our main theorem about 
the base control. Note that we have already shown 
that the base will never run into an obstacle (Theorem 
2.1). 
Theorem 4.1 I f  the trajectory is feasible and 
I l r d g b ( t ) l l  > R,,, then there exists a finite T > 0, 
such that 
I l r d g b ( t  + T)ll < Rmax 
PTOOf. 
We first note that I l r d g b ( t ) l l  > R,,, means that 
IIVbaII = V,,, towards r,jg (2) and that S = 0 (11). 
Now if we can show that 36 < 0 : d/dt(llrdgbll) 5 
6 b d g b  : / ) r d g b ( l  > R,,, we are done. We consider one 
obstacle with spherical repulsive field, walls can not 
come in between the gripper and the base. 
Consider polar coordinates ( r ,  4) with the obstacle 
in the origin and r d g  in direction 4 = 0 at r = 2 (see 
Figure 4). 
Let the current position of the robot be ( T ,  4) with 
4 E [0, T ) .  If we start at 4 = ?r we will get out of there 
instantly (5) and have a new 4 E [0, T ) .  
Figure 4: Polar coordinates for the proof 
Some calculations give that 6; = -sin($)k/r, for 
some k > 0 thus 6 5 0. 
Let Q be the angle between the obstacle and the 
reference point (see Figure 4). The law of sines now 
gives: 2 = which can be rewritten as: 
Furthermore: 
and we see that C O S ( Q ( ~ , T ) )  increases with r. A dif- 
ferentiation gives: 
and we notice that Q is concave in 4 and thus the 
maxima are found at the endpoints of an interval. 
Now let us look at d / d t (  I Irdgbll) when the reference 
point stands still and I ( V b a l )  = v,,,. In this case we 
have that 
d/dt(llrdgbll) = -vmaz + IIvobllcoS(0) (16) 
Consider the three regions: r > x + 6, r < x ,  < 
Since the trajectory is feasible we can choose 6 > 0 
s.t. RL - x < 6 < R,,,. Now 4~ can be choosen 
small enough that these three regions cover the area 
traversable by a robot starting at 4 = # U ,  outside 
of an R,,,-ball around (4 = 0 , r  = x ) .  If we can 
show that d/dt(llrdgbll) < E < 0 fore some E in these 
regions we are done. For the first region:r > x + 6 
we notice that / l v o b l l  < Vm,, and we set €1 = 
-Vmax + IIvob(x + 6)ll < 0 which is a upper bound 
on d/dt(llrdgb)l) for the region. For the second region: 
T < x ,  4 < arccos(r/x) we notice that cos(cr(r, 4) < 0 
and thus E;! = -V,,, is an upper bound. For the 
third region: 4~ 5 4 5 q5u We see that cos(cr(4,r)) 
arccos(r/x:), 4L 5 4 <_ 4u . 
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increases with r and has maxima in the C#J direc- 
tions at  the interval boundaries. Thus we set: €3 = 
- V k X  + max(cos(a(dL, Rv)), C O S ( ~ ( ~ L ,  Ru)) )  as a 
upper bound. Now we set E = max(c1, €2 ,  €3) and our 
upper bound is done. We have that d/dt(llrdgbll) 5 
E < 0 while llrdgbll > R,,,. 0 
Theorem 4.2 If the trajectory 2s feasable and 
Ilrdgb(t)ll < Rmin then there emsts a finzte T > 0 
such that 
Ilrdgb(t T)ll > Rm,n 
The proof is similar to that of Theorem 4.1 and 
more straight forward, thus it is omitted here. 
Theorem 4.3 If the trajectory is  feasible there will 
never be a deadlock, i.e. Vto such that S ( t 0 )  = 0 3tl > 
t o  : S ( t 1 )  # 0. 
Proof. If S ( t 0 )  = 0 then (lrdgbll (Rmi,,Rmax). 
Theorems 4.1 and 4.2 shows that we will be in 
(Rmin, R,,,) in finite time and thus (11) gives that 
3, > t o  : S(t1) # 0 . 0 
Theorem 4.4 The upper and lower bounds on the 
base-gripper distance can be set arbitrarily. 
Remark. Note that this bounds the real base gr ip  
per distance since I lrg err I I is bounded by Theorem 4.5. 
The right choice of (Rmrn, ha,) can thus guarantee 
that the gripper is always in the reachable or dextrous 
workspace and keeps the arm out of singularities. 
Proof. We only show that the upper bounds hold. 
The lower bounds can be done similarly. If the dis- 
tance between the desired gripper position and the 
base is greater than or equal to R,,,, the desired 
gripper position stops (11) and llVball = v,, im- 
Plies d/dt(lIrdgbll) = -Vrrdgb/llrdgbII = (-vmaz - 
cOS((.)IIVbol1)/2 5 0 since llVboll 5 V k , .  Thus 
4.2 The Gripper Error 
Theorem 4.5 While in the reachable workspace, the 
non-transient gripper error can be made arbitrarily 
small by adjusting y: 
Ilrg.errll < IIe-Ytrg.err(0)II + (1 - e-Yt) /7  (20) 
~ 
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Thus we can view the evolution of rg err as a linear 
system with input. Solving the above equation, we 
get 
where 
r g  err = e-Ytrg err(0) + a(t)  (22) 
Then, 
Therefore, 
IIrg.errII 5 Ile+rg err(O)ll+ (1 - e - Y t ) / y  (25) 
Thus the upper bound of the tracking error as time 
evolves can be made arbitrarily small by adjusting y. 
0 
5 Simulation Results 
We have two plots of the same simulation. Figure 
5 shows a 3d visualization of the scene with images of 
the robot at different times. 
2 
0 5  
0 
Figure 5: Simulation results, large R,,, (3d view) 
Figure 6 shows the curves from above with lines 
connecting the concurrent base and gripper positions. 
Note that the gripper curve is a sinus and the base 
curve is more irregular. The repulsive zones of the ob- 
stacles are dotted and one can see how the base tra- 
jectory avoids them and keeps in reach of the gripper. 
Far away from obstacles the base takes a shorter path 
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Figure 6: Simulation results (top-view), RLG = 
0.3, RUG = 0.6, R U A  = 0.8, R,,, = 0.9 
In Figure 7 we see the same situation with smaller 
R-parameters that are close to being infeasible. Spe- 
cially note the different behavior close to the second 
obstacle. After it there is a kink where the base stands 
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Figure 7: Simulation results (topview), R L G  = 
0.25, RUG = 0.3, R U A  = 0.35, R,,, = 0.4 
In Figure 8 I l rdgb((  and S can be seen. The upper 
figure has two peaks, one at each obstacle. We see that 
the gripper-base distance is larger than RUA at the 
passing of the second obstacle and smaller than RLG 
and thus the robot is backing right after that. In the 
lower figure we see that B is dominated by the l / ~ ~ r ~ g ~ ~  
factor in (9) having a maximum at each extreme of the 
sinus. But notice how the third peak in 6 is reversed by 
the C ( r d @ )  factor at the second obstacle, thus giving 
more time for the base to move. 
6 Conclusions 
In this paper, we show how trajectory tracking with 
the gripper of a mobile manipulator can be performed 
in a systematic, and stable way, at the same time as we 
allow for the base to be influenced by reactive, safety 
behaviors. This implies that our strategy is useful, not 
only as a highly specialized manipulation scheme, but 
Figure 8: Simulation results, l ( rdgb11 (upper) and i (lower) 
R L G  = 0.25, RUG = 0.3, R U A  = 0.35, R,,, = 0.4 
also as an integrated part in a behavior based control 
system for mobile, autonomous manipulators. In this 
paper, we furthermore prove some useful properties 
about our coordination strategy, and we are able to 
prove that, given certain assumptions on the physical 
features of the obstacles, the mobile manipulator stays 
away from dead-lock situations. We also show that the 
arm tracks its desired reference trajectory in a globally 
stable way, at the same time as the base is placed 
in an adequate position, from a manipulability point 
of view. Simulation results indicate that our control 
approach does not only work in theory, but also has a 
good chance of being useful in practice. 
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